Abstract: Direct yaw moment control is an effective means to enhance vehicle stability and handling. The majority of the latest direct yaw moment control works employ sliding mode control to generate the target yaw moment. This paper proposes a new sliding mode-based direct yaw moment control method for simultaneous tracking of desired yaw rate and vehicle side-slip for electric and hybrid vehicles equipped with independent motors. Comparative simulation results show that the proposed method outperforms the conventional direct yaw moment control methods in terms of tracking the reference yaw rate, vehicle side-slip and vehicle path in various challenging driving scenarios.
Introduction
During the last two decades, many methods have been proposed in the literature for direct yaw moment control (DYC) to improve vehicle stability and handling. DYC controls vehicle motion through a yaw moment generated by the longitudinal tyre forces (Abe et al. 2000) . In earlier works, these tyre forces were generated by applying individual braking torques through active stability control systems such as electronic stability control (ESC), or by applying different traction forces via actively controlled mechanical differentials (Canale et al. 2008 . Recently, a new generation of DYC methods has been developed based on generating a yaw moment by independent motors on electric or hybrid vehicles. Due to the swift and accurate response of electric motors, such DYC methods are particularly effective for electric and hybrid vehicles.
It is known that yaw rate and vehicle side-slip are the most important states that influence vehicle stability and handling (Uematsu & Gerdes 2002 , Van Zanten et al. 1995 . Thus, the existing DYC solutions proposed in the literature generally control yaw rate, or vehicle side-slip, or both states simultaneously.
The steady-state yaw rate (derived from the common bicycle model) is directly dependent on the driver's steering input, thus it is interpreted as the response commanded by the driver. Also, this steady-state value defines the steer characteristic (i.e. under, over, or neutral steer) of the vehicle. Obviously yaw rate is one of the main objectives in vehicle stability and handling control. In the yaw rate-based DYC methods, the yaw moment is generated to drive the yaw rate towards a desired/target value (Canale et al. 2008 , Chen et al. 2013 , Fu et al. 2014 , Zhou & Liu 2010 .
Besides, the yaw moment generated by the lateral tyre forces generally descends as the vehicle side-slip increases (Shibahata et al. 1993) . At large vehicle side-slips, the generated yaw moment becomes considerably smaller and it can hardly be increased by changing the steer angle. Thus, vehicle tends to lose its stability. Moreover, small vehicle side-slip implies consistency of the vehicle heading direction with the velocity direction, which generally provides the driver with superior sense of control (Fu et al. 2012) . These facts necessitates the control of vehicle side-slip. In the vehicle side-slip-based DYC methods, the vehicle side-slip is driven by the generated yaw moment towards its desirable value (Abe 1999 , Abe et al. 2000 , 2001 , Fu et al. 2012 .
It has been pointed out in the literature that, on low friction roads, controlling yaw rate only may not be sufficient to prevent the vehicle side-slip from diverging, and in turn the vehicle may lose stability and spin (Uematsu & Gerdes 2002 , Van Zanten et al. 1995 . As a result, in order to achieve better control performance, DYC designs recently appeared in the literature tend to control both yaw rate and vehicle side-slip simultaneously. Such solutions have exhibited superior control performance to the systems controlling one state only (Buckholtz 2002a ,b, Tchamna & Youn 2013 , Uematsu & Gerdes 2002 , Yi et al. 2003 .
A vehicle is a nonlinear system which undergoes various ambient disturbances. Also, vehicle models are never perfectly accurate and some model uncertainties are always present. Since sliding mode control provides robustness against disturbances and uncertainties when controlling nonlinear systems (Fazeli et al. 2012 , Kazemi & Janbakhsh 2010 , Slotine & Li 1991 , it is widely used in vehicle stability and handling control and has become the most popular control technique in the latest DYC solutions.
As mentioned above, the latest DYC methods control yaw rate and vehicle side-slip simultaneously to attain better control performance. One such method is the Dynamic Surface Control (DSC) (Swaroop et al. 2000 , Uematsu & Gerdes 2002 which incorporates one sliding surface to regulate the vehicle side-slip and the second surface to match the yaw rate value required to meet the vehicle side-slip objective. Another method that is similar in principle to DSC is the Multiple Surface Sliding (MSS) control (Kwak & Park 2001 , Won & Hedrick 1996 .
The most common sliding mode control design in the latest DYC systems employs a linear combination of the yaw rate and vehicle side-slip as the switching function which has the following form (Li & Cui 2009 , Tchamna & Youn 2013 , Uematsu & Gerdes 2002 , Yi et al. 2003 , Yim & Yi 2011 , Zhang & Zhang 2012 :
where r and β are the yaw rate and vehicle side-slip, r * and β * are their desired (reference) values, and ξ is a positive design parameter.
In sliding mode control, the objective is to drive the system trajectories towards the sliding surface s = 0 and then maintain the trajectories on it. With the above switching function, if the yaw rate error r − r * and the vehicle side-slip error β − β * have the same sign, when the sliding surface s = 0 is reached, these two errors are guaranteed to vanish. However, since the signs of the errors may change in various driving conditions, s = 0 can also hold when one error is positive and the other is negative with the right proportion. As a result, the sliding mode controller may fail. In the simulation studies presented in Section 4, we will demonstrate a case study in which the two errors have opposite signs, and the common sliding mode DYC that employs the above switching function is outperformed by the other methods, due to the limitation discussed above.
Many DYC methods introduced in the literature are designed based on the well-known two-degree-of-freedom (2-DOF) bicycle model and linear tyre model, which neglect the vehicle roll motion and the cornering stiffness nonlinearity, respectively. In high lateral acceleration scenarios, significant vehicle body roll and lateral load transfer lead to the change of tyre cornering stiffnesses and in turn, the vehicle dynamics. Thus, the bicycle model and linear tyre model cannot accurately predict vehicle responses in high lateral acceleration scenarios (Smith & Starkey 1995) . As a result, control systems based on such models may produce unexpected vehicle responses (Smith & Starkey 1994) .
In this paper, a full vehicle model is used to devise a novel sliding mode DYC method. This model includes the vehicle equations of motion (4-DOF) (Abe & Manning 2009a) , the wheel equation of motion, and the nonlinear Magic Formula tyre model (Pacejka 2012) . The proposed DYC method is devised based on a new switching function that is a linear combination of the normalised absolute values of yaw rate and vehicle side-slip errors, a choice that eliminates the above-mentioned limitation with the commonly used switching function. Extensive comparative simulation studies show that the proposed DYC solution outperforms the competing methods in terms of tracking the desired (reference) yaw rate, vehicle side-slip and vehicle path.
The rest of the paper is organised as follows. Section 2 introduces the full vehicle model employed in the sliding mode DYC design as well as in the simulation studies. Section 3 explains the structure and derivation of the proposed DYC solution. Section 4 presents the comparative simulation results, and section 5 concludes the paper.
Full Vehicle Modelling
In this section, we introduce a full vehicle model which includes the vehicle equations of motion, the wheel equation of motion, and the Magic Formula tyre model. The vehicle equations of motion express the dynamics of the vehicle longitudinal motion, lateral motion, roll motion and yaw motion. These equations are employed in section 3 for DYC controller design. This full vehicle model is converted to a simulation model in MATLAB/Simulink to produce simulation results. Note that in this paper we consider an electric or hybrid vehicle with two independent rear motors, which configuration is often seen in the literature , Nam et al. 2012 , Yim & Yi 2011 . So the direct yaw moment is generated by the rear longitudinal tyre forces.
Vehicle Equations of Motion
An equivalent mechanical model for the sprung and unsprung masses is used to obtain the vehicle equations of motion (Abe & Manning 2009a) , as shown in Figure 1 . The coordinate systems x-y-z and x -y -z are attached to the unsprung rigid body and the sprung rigid body, respectively, at the same origin P which is under the mass centre of the entire vehicle along the z-axis. Points S and U represent the mass centres of the sprung and unsprung rigid bodies, respectively, h s denotes the distance between S and the x -axis, r represents the yaw rate of the entire vehicle, p and φ are the sprung mass roll rate and roll angle, respectively. The positive directions of the angular displacement and angular velocities are also shown in Figure 1 .
The vehicle equations of motion governing the vehicle longitudinal, lateral, roll and yaw motions based on the above equivalent mechanical model are written as (Abe & Manning 2009a) :
where m and m s represent the vehicle total mass and the vehicle sprung mass, respectively, I x denotes the roll moment of inertia of the sprung mass about the x-axis, I z is the total yaw moment of inertia about the z-axis, I xz is the product of inertia with respect to the xz plane, v x and v y are the velocities of point P in the x and y directions, respectively. The elaborations on the equivalent mechanical model and the equations of motion are available in Abe & Manning (2009a) , and similar derivations are found in Segel (1956) . Note that the vertical motion and the pitch motion are neglected as they are mainly related to vehicle ride rather than vehicle handling and stability (Abe & Manning 2009b) . The left-hand side terms in (2)- (5) are the forces and moments applied on the vehicle, and they are expressed as follows:
where x i and y i are the coordinates of the i-th wheel in the x-y-z coordinate system, δ i represents the steer angle of the i-th wheel, K φ and C φ denote the total roll stiffness and total roll damping of the suspension system, respectively, and F xi and F yi are the longitudinal and lateral tyre forces applied on the i-th wheel, as shown in Figure 2 . Note that for rear wheels δ 3 = δ 4 = 0, and the cot-average of the front wheel steer angles, δ, is used in place of δ 1 and δ 2 for simplicity (cot δ = (cot δ 1 + cot δ 2 )/2). The values 1, 2, 3 and 4 of the subscript i represent the front left, front right, rear right and rear left wheel, respectively.
Wheel Equation of Motion
In order to calculate the angular velocity and slip ratio of each wheel, the following wheel equation of motion is used:
where J denotes the mass moment of inertia of the wheel assembly, ω stands for the wheel angular velocity, T represents the motor torque (assuming no gear reduction is used), F x is the longitudinal tyre force, R is the tyre radius, F z is the normal reaction force from the ground, and a is the tyre pneumatic trail.
Tire Model
The well-known Magic Formula equations are employed to model the tyre dynamics in this study. This tyre model matches the actual tyre forces closely and has been widely utilised in vehicle dynamic analysis (Doumiati et al. 2011 , Lee et al. 2004 , Nam et al. 2014 , Rajamani et al. 2012 . The detailed Magic Formula equations are available in Pacejka (2012).
Proposed Control Method
As sliding mode control provides desirable robustness against disturbances and uncertainties, in this section we design a DYC system by means of sliding mode control to track the desired yaw rate and desired vehicle side-slip simultaneously. It is known that the ideal steer characteristic is "neutral steer" since the turning radius does not depend on vehicle speed. On the other hand, zero vehicle side-slip provides the driver with appropriate level of control and natural sense of steering. As such, we employ the following "neutral steer" yaw rate (Fu et al. 2014 , Farazandeh et al. 2012 , Kazemi & Shirazi 2012 ) and zero vehicle side-slip (Fu et al. 2012 , Nagai et al. 2002 , Tchamna & Youn 2013 as the desired (reference) values in our controller design:
where l denotes the wheel base. The steer angle δ is computed from the reading provided by a steering wheel angle sensor, and the longitudinal velocity v x can be estimated based on one of the methods in Imsland et al. (2006) . Note that the desired values can be altered according to the driver's preference, which does not change the basic properties of the proposed controller. Our control objective is to track the desired yaw rate and desired vehicle side-slip simultaneously. To achieve this goal by means of sliding mode control, one critical step is to appropriately design a switching function. As explained in section 1, the switching function commonly used in the existing sliding mode DYC solutions, equation (1), presents a limitation which can deteriorate the robustness of the sliding mode controller. In our design, instead of equation (1), we propose a linear combination of normalised absolute values of errors as the switching function:
where ρ ∈ [0, 1] is a design parameter used to tune the relative emphasis on the yaw rate error and vehicle side-slip error minimisation, and |∆r| max and |∆β| max are the maximum absolute values of the yaw rate error and vehicle side-slip error defined by the designer, respectively. Due to the absolute values in equation (13), the switching function becomes zero only when r converges to r * and β converges to β * simultaneously, regardless of the signs of the yaw rate and vehicle side-slip errors. Since the target vehicle side-slip is zero, equation (13) reduces to:
and the derivative of the switching function (14) is given by:
To drive the system trajectories to the sliding surface s = 0, the following sliding condition should be satisfied (Slotine & Li 1991) :
where η is a strictly positive constant. Since outside the sliding surface, s > 0, the above condition simplifies to:
In order to investigateṡ, according to equation (15), the expression of the yaw accelerationṙ is required. Combining equations (5) and (9), the yaw accelerationṙ is derived as:ṙ
where d r denotes the rear track width. Note that d r 2 (F x3 − F x4 ) is the direct yaw moment generated by the difference between the rear longitudinal tyre forces. We denote this term by ∆M .
To satisfy the sliding condition (17), we propose the following ∆M as the control input to the vehicle system:
where k is a design parameter, and ∆M eq is called "equivalent control" in sliding mode control theory. In our application, it is given by:
Substituting the above control input ∆M in equation (18) and replacing the yaw acceleratioṅ r in equation (15) gives:
with f = I xzṗ . Substituting equation (21) in the sliding condition (17) necessitates the design parameter k to satisfy:
Since I xz is constant and the roll accelerationṗ is practically constrained, we can assume that the term f is bounded, i.e. |f | I xzṗmax . In practice, a user-defined constant bond F I xzṗmax is applied. Therefore, to guarantee that the above condition (hence the sliding condition) is met, k can be chosen as:
The computation of the control input ∆M requires the knowledge of some vehicle states including the yaw rate, vehicle side-slip, longitudinal velocity and tyre forces. The yaw rate can be measured by an on-board gyroscope with reasonable accuracy. The vehicle side-slip can be estimated using one of the techniques proposed in Baffet et al. (2007) , Doumiati et al. (2011 ), Fukada (1999 , Lin & Huang (2013) , Nam et al. (2013) , Tseng et al. (1999) . The estimation of the tyre forces is addressed in Baffet et al. (2007) , Doumiati et al. (2011) , Lee et al. (2004) , Rajamani et al. (2012) .
It is important to note that the measurement or estimation errors can be compensated for by appropriately increasing the chosen value of F . In the following, we show how this is the case for the force estimation error. Let us denote the estimated longitudinal and lateral tyre forces of the i-th wheel byF xi andF yi , respectively. Using these estimates, the equivalent control ∆M eq is computed as:
which leads to the following expression for the term f in equation (21):
The chosen value for the bound F in presence of force estimation errors is then increased by the maximum value of the two summation terms in (25). Namely, the design parameter F needs to be chosen in such a way that:
where ∆F x and ∆F y denote the maximum estimation errors of the longitudinal and lateral tyre forces, respectively. This demonstrates that by appropriately increasing the value chosen for F (hence increasing the design parameter k), the effect of the measurement/estimation errors can be suppressed. Note that the proposed control input ∆M is discontinuous due to the presence of the sgn terms -see equations (19) and (20), which in practice leads to chattering. In order to eliminate chattering, we smooth out the control discontinuity by replacing sgn (r − r * )β with sat (r − r * )β Φ 1 and sgn(r − r * ) with sat r − r * Φ 2 , where sat is the saturation function and Φ 1 and Φ 2 denote the boundary layer thicknesses (Slotine & Li 1991) . Thus, the proposed control input ∆M is modified as:
The schematic of the proposed DYC system is shown in Figure 3 . The torque command ∆T generated from the sliding mode controller unit is given by:
Apart from the sliding mode controller unit, a vehicle velocity controller unit is also employed to generate a base torque T base in such a way that the vehicle longitudinal velocity v x follows the desired value v * x read from the throttle pedal sensor. Then T base is added to −∆T and +∆T to form the motor torque commands T L and T R . Note that the vehicle velocity controller unit can be shut down to leave v x uncontrolled.
Simulation Results
In this section we present the comparative simulation results of three different systems: the proposed DYC system, the DYC system employing equation (1) as the switching function, and the passive system which constantly sends identical torque commands to the two motors. In the following, we shall call the three systems "proposed DYC", "conventional DYC" and "passive system", respectively. The full vehicle model established in section 2 is employed in MATLAB/Simulink to simulate a vehicle with independent rear motors and produce the control performances of the three systems.
To reveal the fundamental vehicle lateral and yaw behaviours, the vehicle longitudinal velocity v x is normally maintained constant in vehicle dynamics and control literature (Karogal & Ayalew 2009 , Smith & Starkey 1994 . Likewise, in our simulations, v x is maintained constant by the vehicle velocity controller unit. Although the results for uncontrolled v x are omitted due to space limit, we point out that they are consistent with the results presented for controlled v x , in terms of comparative observations. Note that for the proposed switching function (14), we have:
Thus, once the user-defined parameters |∆r| max and |β| max are selected, for comparison purposes, the parameter ξ in switching function (1) of the conventional DYC is set to:
Therefore, each set of ρ, |∆r| max and |β| max corresponds to only one value of ξ, which provides us with comparable simulation results of the proposed DYC and the conventional DYC. In this study, we choose |∆r| max = 0.1 rad/s and |β| max = 0.02 rad for the maximum yaw rate error and maximum vehicle side-slip. These values are set based on values observed from simulations in extreme driving conditions. As for the ρ parameter in the proposed switching function (14), we note that it represents the relative weight of yaw rate error (with 1 − ρ representing the relative weight of vehicle side-slip). In simulations, we have explored three different choices for this parameter, ranging from higher emphasis on yaw rate error to more emphasis on vehicle side-slip: ρ = 0.75, 0.5 or 0.25. With the above choices of |∆r| max and |β| max , the corresponding values of ξ are 5/3, 5 or 15, respectively. Two types of steering inputs are employed to simulate the common J-turn and lane change manoeuvres , Tchamna & Youn 2013 , Uematsu & Gerdes 2002 , Yi et al. 2003 . Besides, two values of longitudinal velocity, 60 km/h (16.7 m/s) and 80 km/h (22.2 m/s), are used to simulate a medium and a high lateral acceleration scenario, respectively. In each simulation study, we examine and compare the performance of the proposed DYC, conventional DYC and passive system in terms of yaw rate, vehicle side-slip and vehicle path.
J-turn and lane change manoeuvres at v x = 60 km/h
In this section, we demonstrate the results of simulated J-turn and lane change manoeuvres undergoing medium lateral acceleration (v x = 60 km/h). The front wheel steer angle used for the J-turn manoeuvre is plotted in Figure 4 . Note that for a certain steer angle, perfect steering (i.e. neutral steer) corresponds to a desirable (ideal) yaw rate described by equation (11). The ideal yaw rate as well as the actual yaw rate responses produced by the proposed DYC, conventional DYC and passive system during the J-turn manoeuvre are plotted in Figure 5 . Parts (a)-(c) of the figure show the results of the three methods with different parameter choices, starting at ρ = 0.75 in Figure 5 (a), then ρ = 0.50 in Figure 5 (b) and ρ = 0.25 in Figure 5 (c).
The following observations are made from the results demonstrated in Figure 5 . Firstly, the yaw rate response produced by the proposed DYC method closely tracks the ideal yaw rate, resulting in neutral steer performance of the vehicle. This is while the other two methods lead to generally understeer behaviours (yaw rates that are smaller than ideal). The passive system exhibits a yaw rate response that eventually converges to the ideal value, however, with a lag. The conventional DYC, on the other hand, presents a steady-state error in the yaw rate response, and the intensity of the resulting understeer increases when a smaller value of ρ (a larger value of ξ in switching function (1)) is chosen. Figure 6 shows the vehicle paths when controlled by those three methods. These paths verify our observations made from Figure 5 , in the sense that the proposed DYC produces close-to-neutral steer behaviours and the vehicle paths closely track the ideal one, but the other two methods lead to understeer behaviours and as a result, the vehicle paths deviate from the ideal one in outward direction (i.e. with larger turning radius). We also note that with the conventional DYC on-board, the above mentioned deviation from the ideal path (understeer behaviour) deteriorates as ρ decreases (i.e. ξ increases). Figure 7 demonstrates the vehicle side-slip responses of those three systems. Again, the results show that the proposed DYC outperforms the competing methods and results in smaller vehicle side-slip values. The conventional DYC presents good vehicle sideslip performance when ρ = 0.75 (i.e. ξ = 5/3), however for smaller ρ's (larger ξ's), its performance degrades and leads to larger vehicle side-slips. The passive system exhibits a response with a large spike before dropping to a steady-state value that has been already reached by the proposed DYC without any spike. In practice, such a spike can give rise to an undesirable swing of the vehicle heading direction.
It is important to note that in this case study, when the conventional DYC is employed, the yaw rate error is non-positive at all times (see Figure 5) while the vehicle side-slip remains non-negative (see Figure 7) . As it was mentioned previously, the opposite signs of the two errors do not guarantee their suppression even though the magnitude of the switching function (1), |s|, is controlled towards zero.
In a similar case study, a lane change manoeuvre is simulated at v x = 60 km/h, which as it was previously mentioned, makes the vehicle undergo medium lateral acceleration. The front wheel steer angle and the simulation results are presented in Figures 8-10 . Again, the proposed DYC outperforms the competing methods in terms of acquiring neutral steer and smaller vehicle side-slip magnitude. This superior performance is especially evident from the closeness of the vehicle paths to the ideal path with the proposed DYC on-board, compared with the steady-state deviation from the ideal path when using the conventional DYC, and with the lag in returning the vehicle to the ideal path when using the passive system.
J-turn and lane change manoeuvres at v x = 80 km/h
In this section, we present the results of simulated J-turn and lane change manoeuvres in presence of high lateral acceleration caused by high longitudinal velocity (v x = 80 km/h). Figure 12 shows the steering input to the J-turn manoeuvre. The yaw rate responses, vehicle paths and vehicle side-slip responses during the J-turn manoeuvre are presented in Figures 13, 14 and 15 , respectively. Again we observe that in this high speed manoeuvre, the proposed DYC leads the vehicle to traverse in a path that is very close to the ideal one with its yaw rate closely tracking the ideal values (representing neutral steer performance). This is while the passive system causes understeer behaviour with a lag (observed from both the path deviating outward, and the yaw rate being less than ideal), and the conventional DYC produces oversteer performance (yaw rate that is larger than ideal) which deteriorates with smaller ρ values (larger ξ values).
In terms of vehicle side-slip, from Figure 15 , we observe that with the conventional DYC on-board, the vehicle side-slip generally diverges and the vehicle tends to spin. In addition, the passive system exhibits a very slow oscillation: the vehicle side-slip climbs up slowly and then drops sluggishly. This slow convergence poses harmful effect to vehicle handling, and the change of sign in vehicle side-slip also impairs the driver's feel of control. The proposed DYC produces fast convergence and small vehicle side-slip (in absolute value) for all ρ values.
The steering command and vehicle responses for the lane change manoeuvre with high lateral acceleration (v x = 80 km/h) are shown in Figures 16-18 . The observations are similar to the case study of J-turn manoeuvre at high speed: when the proposed DYC is employed, the vehicle closely tracks the ideal path, with its yaw rate tracking tightly the ideal values and its vehicle side-slip magnitude being generally less than the other methods. The passive system causes a lag in vehicle response and exhibits understeer performance, and the conventional DYC results in generally oversteer behaviour.
Conclusions and Recommendations
Vehicle handling and stability can be significantly improved by applying a direct yaw moment control system. In this paper, a novel DYC scheme for electric and hybrid vehicles with independent motors is proposed. This DYC is devised using a sliding mode controller which employs a linear combination of normalised absolute values of the yaw rate and vehicle side-slip errors as the switching function. This design simultaneously tunes both the yaw rate and vehicle side-slip, resulting in enhanced vehicle handling and stability. A full vehicle model is presented and used to formulate the sliding mode control command as well as to simulate a complete vehicle in our simulation studies.
In a set of comparative simulations, the vehicle undergoes J-turn and lane change manoeuvres with medium and high lateral accelerations. The simulation results demonstrate that the proposed DYC solution clearly outperforms the compared methods in terms of achieving close-to-neutral steer performance, tracking the ideal vehicle path, and smaller magnitude of vehicle side-slip.
Experimentation will be followed in the next investigation to verify and improve the control scheme further. Firstly, Hardware-in-the-Loop Simulations (HILS) will be conducted to check and regulate the control law in the Electronic Control Unit (ECU). Then, field tests will be performed using the same manoeuvres as those in the simulations to evaluate the control scheme comprehensively. Based on the HILS and field testing results, possible adjustments and improvements can be made to the control design. In the future, the proposed sliding mode DYC methodology will be extended to vehicles with four independent electric motors. Figures   Figure 1 The equivalent vehicle mechanical model and the vehicle coordinate systems (Abe & Manning 2009a) . 
